The spin-triplet and isospin-singlet scattering amplitude of two nucleons is analysed by the usual N/ D method. In the S-matrix formalism, a bound state C of particles A and B can be described as a pole of the scattering amplitude for. the process A+ B___,. A+ B, which has the same quantum numbers as the state C. Namely, infor:rr:ations about the state C can be obtained by analysing the scattering amplitude without any a priori knowledge of its existence. The foundation of the dispersion theoretical treatment of this problem was set up already by Goldberger-Nambu-Oheme,l) Blankenbecler-Cook 2 ) and Goldberger-Grisaru-MacDowell-Wong.
§I. Introduction
In the S-matrix formalism, a bound state C of particles A and B can be described as a pole of the scattering amplitude for. the process A+ B___,. A+ B, which has the same quantum numbers as the state C. Namely, infor:rr:ations about the state C can be obtained by analysing the scattering amplitude without any a priori knowledge of its existence. The foundation of the dispersion theoretical treatment of this problem was set up already by Goldberger-Nambu-Oheme,l) Blankenbecler-Cook 2 ) and Goldberger-Grisaru-MacDowell-Wong.
)
However, there is no work which solves the deuteron problem concretely in this fashion except for Wong's article, 4 ) notwithstanding there are many articles 5 )-7 ) about the scattering problem of 'two nucleons. Further, Wong's treatment is partially phenomenological and two parameters-scattering length and effective range-must be given.
The main purpose of this article is to calculate the deuteron parametersbinding energy, mixing parameter and effective range-completely from the relativistic dispersion relation. The scattering length of 3 5 1 state must be treated as a given parameter even in our calculation, although in principle it must be determined by the coupling constants and the masses of the bosons mediating the nuclear force, but the remaining three parameters can be expressed in terms of this parameter. It may be noticed here that Goldberger et a1. 3 ) pointed out, through their investigation of the analyticity of the nucleon-nucleon scattering amplitude with a definite total angular momentum J, that it is hopeless to calculate binding energy actually because the scattering length requires the knowledge of a number of other partial waves, J ::f:: 1, and the amplitudes near E 2 = 0 too. The analyticity of the scattering amplitude is examined briefly, cased on the formalism by Goldberger et al.P which is somewtat convenient to extract the physically meaningful qnantities in comJ=anson with the more comr:act form by Goldberger-Gri~aru et a1.
3 ) ( §3). Further, not only the single n-meson exchange effects but the p-and aJ-meson exchange effects are taken into account for the left-band cut. It is interesting to estimate this effect on our problem, because, the recent analysis 7 ) of the low energy nucleon-nucleon scattering amplitude shows that the contribution of the vector mesons to the nuclear force must not be discarded. Section 2 is mainly devoted to the kin~matical considerations and the proof of the elastic unitarity relation is ·postponed to the Appendix. In §5 the results obtained by the calculation in §4 are discussed. §2. l(inematics A method for obtaining the deuteron binding energy is to construct the coupled dispersion relations for the 3 S 1 and 3 D 1 wave proton-neutron scattering amplitudes and to determine the position of the pole which may correspond to deuteron.
In this method it is necessary and somewhat complicated to select J = 1 wave from 3 D wave and to solve the coupled equations, so it is only possible to calculate the binding energy at most by neglecting D state mixing. A simple method for overcoming this defect is to expand the scattering amplitude in terms of the amplitudes with definite total angular momentum. Owing to Jacob-Wick and So that, for our purpose, it is sufficient to deal with the TJ ( W) matrix elements. The covariant proton-neutron' scattering amplitude, which was introduced by Goldberger ~t al.,l) is related to the above amplitude /(0, ifJ) by 
M= 4n:Ef
]=odd
and
So that, the relations (2), (3), ( 4) and (5).
Further, the unitarity condition expressed in terms of the M amplitude <fiimMii)= ; ;;.: -k ~<fiM+In)(niMii) ca'l. be reduced to a simple formula in the approximation, where only two nucleon intermediate states are taken into consideration for In), that is, M=~Gi(s+u)Ii,
On the other hand, M-amplitude can be expanded in the centre of mass system as a linear combination of matrices in the spin space of (1), (2) nucleons as where 
As Cini-Fubini-Stanghellini 5 ) did, we assume that G/s satisfy the following Mandelstarn representation, B C .
It can be shown that this assumption is equivalent to that of Goldberger-Grisaru et al. 3 ) From Eqs. (7), (8), (9) and (10), we see at once that fvf1 and M2 have the same analyticity as G/s, whereas Mo and M 3 may have an additional simple pole at s= 4m 2 . But this pole appears always as a factor t/ (s-4m
2 )= -(1/2)(1-cosO) or u/(s-4m 2 )=-(1/2)(1+cos0) in front of the analytic functions G 1 , G 2 and G 3 . Therefore the apparent pole at v=O does not introduce any singularity in the partial wav~ amplitudes M~o (v) 's. The factor m/ E sin 0 of M 1 is introduced to avoid the purely kinematical singularity at s= 0 of M1. So that M6+(v) has a branch point of root type at v= -m 2 . Thus we may conclude, that M 1 (v) is analytic except for two branch points at v = 0 and v = -p 2 /4, and that M6+ (v) has an additional purely kinematical branch point of root type at ~= -m 2 . Then the dispersion relation for M 1 (v) may be written down in a mice subtracted form as ~-
where a=M 1 (0) is the subtraction constant at v=O. We shall assume the form 
where
Next, we must consider the gap of the left-hand cut v(v'), which can be written as
and If the variables of the integrands are changed into the variables of the centre of mass system in the t-channel, we obtain.
etc.,
,-2v' (1-cos 0') and -2v" (1-cos 0") = -2v' (1 +cos 0).
Here we will neglect the difficulties associated with the outside of the Lehman ellipse, If we write the contribution of one p-meson exchange to
Ap(s, u) and A~(s, t) can be expanded as and
where r~ is the vector coupling constant of p-meson to nucleon and ai and bi are given in Table I . So, the one p-meson contribution to v (v') becomes In the following analysis we consider two cases, in which r~/4n=8 and 10. The curves of detD(v) for three cases v=vC7T\ v=vC7T)+vCP) and v=vC1T)+vCP)+vCw) are drawn in Fig 1. (The curve for the zeroth approximation 'is omitted there.) The zeroth approximation just corresponds to the fictitious case in which there is no pole in the scattering amplitude, i.e. v = 0.. Therefore we can discuss the properties of the single boson exchange force by examining the deviation of the root of detD(v) = 0 from the one in the zeroth approximation. There is only one root of det(l-(m 2 /4n)vaK(v, 0)) =0 at v=-0.0013m
and then the effect of n-and w-mesons is attractive, whereas the effect of p-meson is repulsive. The binding energy, which corresponds to the root of detD(v) =0 .is given by 
On the other hand, the equation for N(v) becomes, from Eq. (13),
In order to obtain the first iteration solution, we consider two cases vn= -0.002m 2 (r~/4rr=8 case) and vo·= -0.0025m 2 (r~/4n=10 case). The solution for r~/4n=8 becomes D(-0.002m2)=( 0.638 -0.362) and m2N(·-0.002m2)=(-10 -14).
-0.558 0.301 4n -15 -23
So that p= 0.02----0.05 and rE = 1.2//1. Similarly, for r~/ 4n = 10, we obtain p= 0.02 ----0.06 and rE=l.3/tt. Here we have used the value (detD(vv))', which was obtained by Fig. 1, to determine r E. These results are considerably in good agreement with the experimental values r~=l.2/p and p=0.02----0,03,
The characteristic features of the contribution of rr:-, p-and w-mesons to the binding energy of deuteron can be seen from Fig. 1 . The one n:-meson exchange effect is weak to fit in with the experimental value v/m 2 = -0.0023, and the pmeson contribution is repulsive. Therefore the exchange effect of w-meson, which gives rise to an attractive force, must be taken into account. At the present stage, we cannot say anything definite about the values of the effective coupling constants r~/ 4rr and ra/ 4rc. We must assume ra/ 4rr = 8--.....10, in order to bring the contribution from both the single rc-and p-meson exchanges, Eb= 1.1 MeV, back to ·the experimental value Eb = 2.22 MeV, if we take rU 4rr = 2. By these values the mixing parameter and the effective range also can be fitted to experimentals. Our results sketched above are very similar to the image of the model proposed by Littauer-Schopper-Wilson. 10 ) Namely, in their model, which is obtained by the analysis of the experimental data, a hard core of radius of about 0.2 Fermi is surrounded by a cloud of a radius of about 0.8 Fermi and that of a radius of about 1.4 Fermi which have the same quantum number (spin and isospin) as p-and w-mesons respectively.
In our calculation, only single rr-, p-and w-meson exchange effects are dealt with dynamically, and other effects such as multiparticle exchange are lumped in the scattering length. This approximation may have significance in such a low energy phenomena as deuteron, but information about these effects is quite obscured. This defect may be unavoidable in the present day dispersion theoretical scheme as pointed out by Goldberger et al. s) The reason is that there is no evidence that the scattering amplitude with J = 1 of two nucleon system satisfies an unsubtracted dispersion relation, and that a subtraction constant must remain as an additional undetermined parameter, not as a constant with some fundamental meanmg. Using (A2), we obtain immediately 
Therefore, by the partial wave projection for J =I, we obtain
Thus, similarly, ImM6+(v) becomes From these, by the partial wave projection, we obtain Combining Eqs. (A3), (A4) and (AS), the relation (6) is proved, From the above proof, it is clear that the same form unitarity relation is valid for J =odd and 1=0 spin-triplet scattering amplitude.
